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1 Introduction 

In his study of heterotic superstrings with torsion, Strominger [Str86] derived a system of partial 
differential equations from considerations of supersymmetry and anomaly cancellation, which is later 
known as the Strominger system. In real dimension 6, the internal manifold X has to be a complex 
3-fold with trivial canonical bundle. Moreover, X is equipped with an Hermitian metric uj and an 
Hermitian holomorphic vector bundle {E,h). Let be a nowhere vanishing holomorphic (3,0)-form 
on X, then the Strominger system consists of the following equations^: 

(1) FAuj^ = 0, F°’2 = f2'O = 0, 

(2) \/ma9a;= ^(Tr(i?Ai?)-Tr(eAF)), 

(3) d*a; = z(i9-i9)log||e||<^. 

In the above equations, a' is a positive coupling constant, R and F are curvature 2-forms of T^'^X 
and F respectively, computed with respect to certain metric connections. As the Green-Schwarz 
anomaly cancellation mechanism works for arbitrary connection [Hul86] , we have the freedom to choose 
the Chern connection to compute R, as suggested in [Str86, Section 4.3]. We will call Equations (1) 
and (2) the Hermitian-Yang-Mills equation and anomaly cancellation equation respectively. 

It is very clear that the Strominger system generalizes the complex Monge-Ampere equation used 
in the torsion-free theory in which A is a Kahler Calabi-Yau. Assuming X is Kahler, if we further let E 
be the holomorphic tangent bundle T^’°A, then R = F and Equations (l)-(3) are solved automatically. 
These solutions will be called the Kahler solutions. 

The first attempt to the Strominger system was made in [Str86, Section 4.2 & 4.3], where orbifold 
solutions and perturbative solutions (up to first order) of Kahler solutions were obtained. 

A huge progress was achieved by Li-Yau [LY05] almost 20 years later. Their contribution has two 
aspects. Firstly, Li and Yau realized that Equation (3) is equivalent to 

(4) d(||fIL.a.2) = 0, 

whose geometric meaning is very clear. Recall from [Mic82] that an Hermitian metric ui is called 
balanced if it is co-closed. As Equation (4) says that w is a balanced metric after a conformal change, 
we will call this equation the conformally balanced equation. Such an interpretation imposes a mild 
topological restriction on A, on which we refer to Michelsohn’s intrinsic characterization of balanced 
manifolds [Mic82, Theorem 4.7]. Secondly, Li and Yau were able to obtain the first irreducible smooth 
solutions to the Strominger system by deforming the Kahler solutions. Such techniques were further 
developed in [AGF12b, AGF12a] to deal with more general perturbations. 

Another breakthrough was due to Fu, Yau and their collaborators. They observed that on the 
geometric models constructed by Goldstein-Prokushkin [GP04] (sometimes known as the FSY ge¬ 
ometries), a clever choice of ansatz reduces the whole Strominger system to a Monge-Ampere type 

^Strominger’s original paper [Str86] uses a different normalization for Equation (2). 
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equation of a single dilaton function on the Calabi-Yau 2-fold base. Using this idea, they were able to 
get the first genuine non-Kahler solutions, on both compact backgrounds [BBF+06, FY07, FY08] and 
on local models [FTY09]. Such a method can be further modified to yield more heterotic non-Kahler 
geometries [BTY09]. 

It should be mentioned that solutions to the Strominger system have also been found on blow-up 
of conifold [CIIO], on various nilmanifolds [FIUV09, Grail, FIUV14, UV14, UV15], on (quotients of) 
SL{2,C) [FY15] and on Calabi-Gray models [FcilSa]. 

As a generalization of the complex Monge-Ampere equation solved by Yau [Yau78], the Strominger 
system provides a natural framework to find canonical metrics on non-Kahler Galabi-Yau manifolds. 
This is closely related to the moduli problem of Galabi-Yau manifolds via Reid’s fantasy [Rei87]. 
Recall that by blowing down disjoint (-l,-l)-curves in a projective Galabi-Yau 3-fold, one gets a 
singular Galabi-Yau 3-fold with finitely many ordinary double points. These singularities can be 
further smoothed out to yield various topologically distinct 3-folds with trivial canonical bundle which 
are in general non-Kahler. Such a geometric manipulation is known as the conifold transition. Roughly 
speaking, Reid’s fantasy says that all reasonably nice Galabi-Yau 3-folds can be connected via a 
sequence of conifold transitions. 

The local model of conifold transition was studied by Gandelas-de la Ossa [GdlO90] in great details, 
where explicit Ricci-flat Kahler metrics on both deformed and resolved conifold were constructed and 
their asymptotic behaviors were carefully analyzed. Because conifold transitions in general take place 
in the non-Kahler category, it is of great importance to understand the local model from a non-Kahler 
point of view. That is, to look for non-Kahler solutions to the Strominger system on both deformed 
and resolved conifold. 

The first half was partially achieved in [FY15], where homogeneous solutions to the Strominger 
system on deformed conifold were found through an identification with SL(2, C). The second half will 
be covered in this paper. Indeed, we are able to solve the Strominger system on the resolved conifold, 
and actually, on much more general local models. The ansatz we use comes from the twistor space 
construction, which is based on the ideas used in [FY08, Fcil5a, Fcil5b]. It should be noticed that 
our solution has a nontrivial Tr(F’ A F) term in order to cancel the anomaly, which does not follow 
from simple topological consideration. 

This paper is organized as follows. In Section 2 we give a brief account of preliminaries, including 
differential geometry of resolved conifolds, hyperkahler 4-manifolds and their twistor spaces. Section 
3 is devoted to solving the Strominger system on a class of non-compact Calabi-Yau 3-folds which 
can be obtained by removing a fiber from the twistor fibration of hyperkahler 4-manifolds. Some 
special examples of these solutions are analyzed in Section 4. In particular, we obtain nontrivial 
solutions on and on resolved conifold. Section 5 is of somewhat independent interest. We will 
make a discussion about Chern-Ricci flat balanced metrics on non-Kahler Calabi-Yau manifolds and 
give some examples. This can be viewed as a generalization of Calabi’s work [Cal79]. In addition, 
we derive the Euler-Lagrange equation for extremal balanced metrics and show that Chern-Ricci flat 
balanced metrics are extremal (and in certain cases the only extremal ones). 
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2 Preliminaries 


2.1 Resolved Conifold 

Let Q be the conifold, or in other words an affine quadric cone in C^. That is, 

Q = {(-Zi, Z 2 , 23 , Z 4 ) G C : + 2:2 + Z 3 + Z 4 = 0 }. 

It is quite obvious that Q has a unique singular point at the origin, which is known as an ordinary 
double point. The small resolution of ordinary double points was first discovered by Atiyah [Ati58] 
that we shall manifest. 

By a linear transformation of coordinates 

Wi = Zi+ iZ 2 
W2 = Z3 + iZi 
W3 = iZA - Z3 
W 4 = Zi — iZ 2 

we can identify Q as the zero locus of W 1 W 4 — W 2 W 3 , or more 

^A=0. 

\W3 W4 J 

Now let CP^ be parameterized by A = [Ai : A 2 ]. Consider 
Q = /(u;, A) G X CPi : 

[ \W3 W4 J 

It is not hard to see that Q is smooth and the first projection 

Pi : Q ^ Q 

is an isomorphism away from {0} x CP^ C Q. Therefore we call Q the resolved conifold and pi : Q ^ Q 
the small resolution of Q, as the exceptional set CP^ is of codimension 2. Moreover, the second 
projection P 2 ■ Q ^ CP^ allows us to identify Q with the total space of —>■ CP^. As a 

consequence, the resolved conifold Q has trivial canonical bundle. 

2.2 Hyperkahler 4-manifolds and Their Twistor Spaces 

Let {N, g) be a Riemannian 4-manifold. If in addition M admits three integrable complex structures 
/, J and K with UK = —id such that g is a Kahler metric with respect to any of {/, J, AT}, then we 
call J,K) a hyperkahler 4-manifold. 

Now we assume that A^ is a hyperkahler 4-manifold and denote by w/, uij and ujk the associated 
Kahler forms with respect to corresponding complex structures. One can easily check that ujj + icoK is 
a holomorphic nowhere vanishing (2, 0)-form with respect to the complex structure /, therefore {N, I) 
has trivial canonical bundle. 

If N is compact, then by the Enriques-Kodaira classification of complex surfaces, N must be 
either a complex torus or a K3 surface. However, if we allow N to be noncompact, there are many 
more possibilities. An extremely important class of them is the so-called ALE (asymptotically locally 
Euclidean) spaces. These spaces were first discovered as gravitational (multi-)instantons by physicists 
[EH78, GH78] and finally classified completely by Kronheimer [Kro89a, Kro89b]. 

It is well-known that a hyperkahler 4-manifold N is anti-self-dual, therefore its twistor space Z is 
a complex 3-fold [AHS78]. Eollowing [HKLR87], the twistor space Z can be described as follows. Let 
C parameterizes CP^. We shall identify CP^ with 5^ = {(a, /3, 7 ) G -I- /3^ -I- 7 ^ = 1} via 

1-icp c + c 
i + ICP’i + ICP’i + ICIV' 



suggestively, 
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The twister space Z oi N is defined to be the manifold Z = CP^ x N with the almost complex 
structure 3 given by 

3 = j (B {alx + pJx + bKx) 

at point (C, x) G CP^ x N, where j is the standard complex structure on CP^ with holomorphic 
coordinate C- It is a theorem of [HKLR87] that 3 is integrable and the projection p : Z ^ CP^ is a 
holomorphic fibration. We shall call p : Z ^ CP^ the twistor fibration. 

The twistor spaces of ALE spaces can be described in other ways. For instance, the twistor spaces 
of ALE spaces of type A can be constructed very concretely using algebraic geometry [Hit79] . For later 
use, we shall give a different characterization of the Ai case. i.e. the twistor space of Eguchi-Hansen 
space, as Hitchin did in [HitSl, Section 8]. 

Let Q and Q be conifold and resolved conifold described above. Consider the map 

p = ZiOp,:Q 

It is obvious that, when za ^ 0, the fiber p~^{za) is a smooth affine quadric in C^. After a little work, 
we can see that p“^(0) is biholomorphically equivalent to the total space of r*CP^. It follows that p 
is a fibration. 

Now let p' : Q' —>• C be another copy of p : Q —>■ C. We may glue these two fibrations holomorphi- 
cally by identifying p“^(C^) A with p'“^(C^) -A via 

iz' z' z' z') — (— — — — 

— I .2’ 2> 2’ ^ 

\ ^4 ^4 ^4 A4 

As a consequence, we get a holomorphic fibration over CP^, which is exactly the twistor fibration of 
Eguchi-Hansen space. 

We conclude that, when performing hyperkahler rotations, there are exactly two complex structures 
on the Eguchi-Hansen space up to biholomorphism. There is a pair of two antipodal points on CP^, 
over which the fibers of twistor fibration are biholomorphic to the total space of T*CP^. We shall call 
these fibers special. All the other fibers are biholomorphic to the smooth affine quadric in C^. A key 
observation from this construction is the following proposition. 

Proposition 2.1. (Hitchin, [Hit81, Section 8]) If we remove a special fiber from the total space of the 
twistor fibration of Eguchi-Hansen space, then what is left is biholomorphic to the resolved conifold. 

3 Local Torsional Models of Heterotic Strings 

Let us first briefly recall the results in [Foil5a]. 

Given any hyperkahler 4-manifold N and any oriented minimal surface Eg of genus g in flat 
we can cook up a complex structure on A = Eg x TV such that A is a non-Kahler Calabi-Yau 3-fold. 
Indeed, A can also be obtained as the total space of the pullback of the twistor fibration of N through 
the Gauss map of Eg. In the case of A = T^, by making use of the fibration structure, we were able 
to solve the whole Strominger system on A. However, the solution metric is degenerate on the fibers 
over the branched points of the Gauss map. 

This fact suggests that it is probably more natural to consider the Strominger system on the twistor 
space Z. However, the twistor space Z can never have trivial canonical bundle hence the Strominger 
system does not make sense. In order to remedy this problem, we need to remove some parts of Z 
to get a noncompact complex 3-fold Y G Z with trivial canonical bundle. It turns out that we only 
need to remove one single fiber of the twistor fibration. 

Now let N be an arbitrary hyperkahler 4-manifold and Z its twistor space with twistor fibration 
p : Z ^ CP^. Without loss of generality, let Fqo be the fiber oi p : Z ^ CP^ over C = oo G CP^ and 


4 


we may remove F^o from Z to get a noncompact space Y := Z \ Fao- One can check directly that Y 
has trivial canonical bundle which can be trivialized by 

O := (—“b (1 — + z(l + ^ d(^. 

The main theme of this section is to write down a solution to the Strominger system on Y. As we 
shall see, the recipe for the ansatz is almost identical to the one we used in [Fcil5a]. However the 
curvature of N will come into play and our calculation will be much more complicated. Moreover, we 
have to take the Hermitian-Yang-Mills equation (1) into account as well. 


3.1 The Conformally Balanced Equation (4) 

Observe that Y is diffeomorphically a product Cx N with twisted complex structure. Let —>■ R 

and gr : C —^ R be arbitrary smooth functions. In addition, we use 

2 i - 

to denote the round metric of radius 1 on CP^ and its restriction on C = CP^ \ {oo}. 

Now consider the Hermitian metric 

^2h-\-g 

(5) W = ^2 + e^^wcpi 

on y = C X N. One can check that 


( 6 ) 

for some positive constant c and 




^ (1 + icn^ 

^ ^2h-\-2g 


(7) 


g4?i+2g ^2h+3g 

(X + voIat + 2 ^ ICP)^ + /3wj + '^ lok ) a wcpi, 


where voW is the volume form on N. It follows that oj solves the conformally balanced equation (4) 
for arbitrary g and h by direct computation. 


3.2 Curvature Computation and the Anomaly Cancellation (2) 

Now we proceed to solve the anomaly cancellation equation (2) using ansatz (5). The first step would 
be to compute the curvature term Tr(i? A R), using the Chern connection, with respect to the metric 
(5). To do so, following the method used in [Fcil5a], we had better first solve for a local holomorphic 
frame of (l,0)-forms on Y. 

We fix I to be the background complex structure on the hyperkahler 4-manifold N. Locally, there 
exist holomorphic coordinates {zi,Z 2 } such that the holomorphic (2,0)-form can be expressed as 

ujj + iujK = d^i A dz2- 

Let K be the Kahler potential, i.e., we have 

u>i = iddn = i{Kii(izi A dzi + Ky^dzi A dz2 -I- K2idz2 A dzi -I- K22dz2 A dz2)j 

where lower indices represent partial derivatives with respect to holomorphic or anti-holomorphic 
coordinates. As N is hyperkahler, we must have 

1 

^ 11^22 “ ^ 12^21 — 
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It is convenient to list the following equations 


Idzi = idzi, /dz 2 = idz2, 
JdZi = —2(K2ldZi + K 22 d’Z 2 )) 
Jdz2 = 2 (Kildzi + Ki 2 dz 2 ), 
Kdzi = — 2 z(K 2 ldzi + K 22 dZ 2 ) 
Kdz2 = 2i{Ki\d'zi + Ki2dz2)5 


/dzi = —idzi, /dz 2 = —*dz 2 , 
Jdzi = —2{Ki2dzi + ^22^2:2), 
Jdz 2 = 2 («:ijd 2 ;i + K2idz2), 
Kdzi = 2i{Ki2dzi + K 22 d 2 ; 2 ), 
Kd'Z2 = —2i{Kiidzi + K2idz2), 


which tell us how /, J and K acts on 1-forms. 

As F = C X N, we can think of Zi as functions locally defined on Y, though they are no longer 
holomorphic. In the same manner, we shall record how the complex structure U on F acts on 1-forms 


3dC = tdC, fJdC = -idC, 

3dzi = iadzi — 2(/3 + t 7 )(K 2 idzi -I- K 22 dz 2 ), 3dzi = —iadzi — 2(/3 — ij)(Ki 2 dzi + K 22 dz 2 ), 

3dz2 = iadz2 + 2(/3 + ij)(Kndzi + Ki2dz2), iJdz2 = —iadz2 + 2(/3 — ij)(Kiidzi + ^ 21 ^ 22 )- 

Now consider a 1-form 

0 = Ld( + Adzi + Bdz 2 + Cdizi + Ddz 2 - 
If 6 is of type (1,0), i.e., 39 = iO, then we have 

2iKi2 ^ 2^11 ^ 


B = 


c 

2 zK 22 


c 

C-‘^D. 


Let 


01 = 2i-^d2;i + 2i-^dz2 -I- dzi, 02 = 2i-^d2:i + 2t-^d2;2 — d2:2. 


It is easy to see that they are (l,0)-forms. Moreover, we have 

0 = LdC-hC '01 - 1102 . 

Lemma 3.1. 0 is a holomorphic (l,0)-form if and only if 

(8) 2(dL = -C{{1 - a)9i - 2dzi) + D{{1 - a)02 -h 2dz2) 

holds, where C and D satisfy 

dC = i{f3 - t7)[C(«112^1 - K212^2) - - K2I1^2)] 

dD = — t7)[C'(^i22^i ~ ^ 222 ^ 2 ) ~ L)(kii20i — ^21202)]- 

Proof. The proof follows from straightforward calculation. It is quite clear that 0 is holomorphic if 
and only if 

dLAdt + dCA 9 i-dDA 92 + Cd 9 i - 0862 = 0. 

One can compute directly that 


(9) 


Qi 

SC) 

II 

1 -|- cn 

dCA0i, 

to 

r\ 

901 = 

dC 

-T" 

A"“0 

1 2 

902 = 

1 -|- ct 

dCA02, 

1 

to 

r\ 

902 = 

dC 

A" 

A"“0. 

1 2 


2i 

0i — dzi j — ^ dzi -|- Ki22^^1 ^ dz2 ^ dzi “h I^222^^2 ^ dZ2) 


2i 

02 + dz 2 )-^(^llld- 2 i A dzi + Kil 2 <^Zl A dz 2 + K 2 lldZ 2 A dzi + K 2 l 2 dZ 2 A dZ 2 ) 
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Therefore the holomorphicity of 9 is equivalent to ( 8 ) and 


( 10 ) 




dD A 62 ) = C(Kii 2 dZi A dzi + Hi 22 dzi A dz 2 + K 2 l 2 ^Z 2 A dzi + K 222 dz 2 A dz 2 ) 
— D{niiidzi A dzi + Kn^dzi A dz 2 + K 2 iidz 2 A dzi + K 2 i 2 dz 2 A dz 2 )- 


Observe that Equation ( 8 ) is (locally) solvable if and only if 

dC A ((1 — a) 6 i — 2dzi) = dD A ((1 — a )02 + 2 d;z 2 )- 


Or in other words, there exists functions P, Q and R such that 

dC = P((l - a)9i - 2dzi) + Q((l - a )02 + 2 dz 2 ), 
dD = -Q((l - 0)01 - 2dzi) + R{{1 - a)02 + 2dz2). 

Plug them in Equation (10) we get 


2PK^2 d~ 2 Qk-^^ — ^^112 — -^^111: 

2RKii — 2Qki2 — CKi22 ~ DKi12, 

‘2PK22 + 2 ( 5 k 21 = Ck2i2 ~ Dk2iI, 

2Rk21 — 2Qk22 = Ck222 ~ P^ 212 - 

These equations can be solved explicitly 

P = 2C (K 1 IK 212 — l^2l'^112) + 2T)(k2iKiii — ^ 21 ^ 211 ), 
Q = 20(^22^112 ~ ^12^212) T 2Z1(K]^2^211 ~ ^22^11l)j 
= 20(^21^122 ~ ^11^222) T 2Z1(k]^jK2I2 ~ ^21^112)) 
R = 20(^22^122 ~ ^12^222) T 2Z1(K]^2^212 ~ ^22^112)- 


Substitute P, Q and R above back into (10), we get exactly (9). □ 

Remark 3.2. The Equation (9) is consistent with itself in the sense that we do not get any further 
information from taking d of (9). 

Now we are ready to compute the curvature term Tr(P A R) with respect to the metric (5). To do 
so, we shall let s = 1 + and use K = (O^) to denote the inverse matrix of (k^). In addition, (•, •) 
is to be understood as the Hermitian metric associated with uj. 

Let LidC+Ci^i —£>102 and £ 2 dC+C' 20 i —£>202 be locally defined linearly independent holomorphic 
(1, 0)-forms. It is not hard to compute that 


(dC,clC) 

{Oi,Oi) 

( 81 , 02 ) 

( 02 , 02 ) 


2e29’ 

f 11 4 \ 

|^|2g2h+g 

* 22 
|^| 2 g 2 /i+ 3 ^ ■ 


|^|2g2/i+g 


If we consider the local frame 


{dC, (CLl)clC + Ci(C0l) + Pl(-C02), (Ci 2 )dC + C2(C0l) + D2{-C92)}, 
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then the Gram matrix H is given by 


H = 


2e‘^3 \L 


(1 L^) + 


0 


0 


g2ft+g 1 0 EKE 


T , 


where 


and 


L = 


(Li 

C -^2 


Let U = eke"'" , notice that 
so we can compute that 


E = 


detiL = 


Cl D, 
C 2 D 2 


2g43+4/i 


det [/, 


H-' = 


2e^3 


0 0 \ 2h+g /_fT\ 

" " " +—( h 

,0 0 0 / ® V ^2 / 


where I 2 is the 2x2 identity matrix. Write 


A = 


2e^s 


and E = 


^2h+g 


It follows that 


0 q 

0 U 


aH = ayi(i)(i + iP + a(i)(o aLp + aB(: 

U-'dL{\ L'^)+d\ogB 


B 


El dE[ = 91og^ 


1 

0 0 


0 A /-L'/’ 

0 0 J ^ B [ I 2 


0 0 _ 

0 dU 

0 -L^ 

0 I 2 


+ 


-L^ 

h 


^ (0 U-'dU) . 


As a consequence, 
R = d(H-'dH) 


= dd log A 

_ A /dL^ 
B \ Q 

+ dd log B 


1 

0 0 


— 9 log A 


0 dL'" 

0 0 


0 ddL"'"\ 

0 0 y 


+ d 


A\ f-E 


B 


U-'dL{l + 

B 


0 -u 


+ (9 log B 


d{U-'dL){l L^)-^ 
(0 U-'dU) 


0 dL'^\ _ (dL"^ 

0 0 y I 0 


h 

A f-L^ 
b[ I 2 , 
-L^ 
h 


U-'dL (1 L^) 

U-'dL{Q dL^) 

(0 diU-'dU)) . 


,0 I 2 

A lengthy calculation shows that 

(11) Tr(i?) = 99 log A + 2991ogB + TT(d(U-'dU)) 
and 

(12) Tr(i?Ai?) = 2dd(^^W^ +2(dd\ogBf +2dd\ogB ATr(d{U-'dU)) +Ti(d{U-'dUf), 
where W = dE^U~'dL and we have used the fact that (99 log A)^ = 0. 



Recall from (6) that if ||n||a; is a constant, or equivalently, = s^, then Tr(ii) = 0. From this 
and (11) we can deduce that 

(13) Tr(d{U-^dU)) = 0. 

From the (restricted) twistor fibration p :Y —>■ C, we have a short exact sequence of holomorphic 
vector bundles 

0 ^ p*T*C T*Y ^ E' = T*Y/p*T*<C 0. 

Moreover, the matrix U is the Gram matrix of the holomorphic frame of E' induced by 


{(CLi)dC + Ci(C0i) + Di{-C92), (Ci2)dC + C2(C0i) + D2{-C,e2)} 

with respect to the natural metric scaled by s. Let F' be the curvature form of E' with respect to 
this metric, then we have 

(14) F'= d{U-^dU). 


By making use of (13) and (14), we can simplify (12) to 

(15) TT:{RAR) = 2dd(^^W^ + 2(dd\og Bf+T t:{F' A F'). 

The quantity W can be computed explicitly using (8). Notice that 

2dL^ = (2dzi - (1 - a)0i 2 dz 2 + (1 - a) 02 ) E^, 


it follows that 


W 


= 1 (2<il. - (1 - 2<il. + (1 - a)fc) /f-' ; <[ I 

2i, 


= —(aw/ + Pujj + ^ujk)- 

c 


Consequently, the anomaly cancellation equation (2) reduces to 


(16) 


idd 

a' 

“ T 




2idd 


{auji + j3ujj + ywif)^ 

/ 2h-g \ _ 

( (awz + pujj + jujk) J + 2(55 log Bf + Tr(F' A F') - Tr(F A F) 


and we are free to choose functions g and h. 


1 

The simplest way to let (16) hold is to take 9—2 ^ choose appropriate h such 

that 


(17) (551ogR)2 = 0. 

Recall that B = hence (17) holds trivially if ft, is a constant say ft = 0. In this case, the 

metric (5) is conformal to the product of hyperkahler metric on N and the Euclidean metric on C, 
hence conformally Ricci-flat. It should be pointed out that this metric is not complete, however this 
does not raise any problem for the use of gluing. Intuitively we can think of w as a metric on the 
singular space CP^ x 7V/{oo} x N. 

It is also possible that (17) holds for nonconstant ft. To find such ft, one usually needs to know 
the explicit hyperkahler metric on N. We will give an example of this kind in Section 4. 
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3.3 The Hermitian-Yang-Mills Equation (1) 

In [FcilSa], N is taken to be flat hence F' = F = 0 and (1) holds automatically. In general, neither 
N is flat nor F' trivial. In order to solve the whole Strominger, we shall prove 

Theorem 3.3. F' solves the Hermitian-Yang-Mills equation, i.e., 

F' A LO^ = 0 

for arbitrary g and h. 

By the product structure Y = C x N, we have the decomposition of space of 2-forms 

h2(Y) = h2(c) © qi(c) © © n^{N). 

Moreover the complex structure 3 is compatible with this decomposition, so we have 
qbi(y) = qbi(c) © qbO(c) ^ 

We first prove the following lemma 

Lemma 3.4. Every entry of F' is contained in the space 


Proof. Recall that U = EKE'^, so we have 

F' = d{U-^dU) = d{{E^)-^K-^E-^dE ■ KE^) + d{{E^)-^K-^dK ■ E^) + d{{E'^)-^dE'^)). 
Observe that (9) can be rewritten as 

m - l-/)E ■ - ^21202 «122|l - K22202\ ^ 

\K21102 — KiiiOi K21202 — K112O1J 

which does not have any component from 0^(C). Similarly dK contains only components in 0^’°(iV). 
The lemma follows directly from these two observations. □ 

Now we proceed to prove Theorem 3.3 

Proof. From (7), we see that lives in the space 

02 (C)©0^(Y)©0 ^(Af). 

Therefore the only component of F' that would contribute in F' A is its H^’^(A^)-part. The key 
point is that the f2^’^(A^)-part of F' can be computed fiberwise. Fix f G C and let be the fiber 
of the twistor fibration over f. Notice that := auii + fiojj + ^ojk) is hyperkahler. Moreover, 

E'\t4^ is the cotangent bundle of Nq with hyperkahler metric. It is a well-known fact that hyperkahler 
4-manifolds are anti-self-dual, thus 

^ni.i(Ar) A = 0. 

The theorem follows directly. □ 

In summary, for any hyperkahler 4-manifold iV, we can construct a noncompact 3-fold Y with 
trivial canonical bundle, which can be obtained by removing an arbitrary fiber of the twistor fibration 
p : Z ^ CP^ from Z. It is worth mentioning that the structure of Y depends on the choice of fiber. 
The main theorem we have proved is the following. 

Theorem 3.5. The whole Strominger system (1, 2, 4) can be solved on Y for arbitrary N hyperkahler. 
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4 Some Examples 

In this section, we will investigate the cases N =M.'^ and N = T*CP^ in detail. 


4.1 N = R^ 

Identify with the space of quaternions H, then left multiplication hy i, j and k defines the standard 
hyperkahler structure on We can construct the space Y as in Section 3 by removing the fiber 
with complex structure —I at infinity. Actually, Y is biholomorphic to C^. An explicit isomorphism 
/:C^ = CxC^—>-1" = Cx]R^ can be written down as 


(C,Ui,M2) = f{C,Wi,W2) 


(C, 


Wi — iCw2 

1 + ICP 


W2 + iCwi 

1 + ICP 


Or conversely, 

{ Wi = Ui + i(U2 

W2 = U2 — iCui ’ 

where U 2 = x^ + ix'^ and + u^j = x^ + x^i + x^j + x'^k parameterizes H = R^. In 

terms of the holomorphic coordinate {^, wi,W 2 } on C^, the 2 -form auji + Pojj + yu!K can be expressed 
as 

aw/-I-/3a;j-I-ywif =-^(du>i A dwi-I-di (;2 A dI(J 2 + (|uip-I-|u 2 p)dC A dC 

(18) 2 s 

-I- iu2dwi A d^ — TOidw 2 A d^ — iu2dC A dlUi -|- iuid^ A dW 2 ). 

Now let us consider Equation (17) 

(99 log i?)^ = 0 . 

Notice that 

99 log B = (399 log s - ddg) - 2ddh, 

hence (17) is equivalent to that 

( 19 ) {ddKf = ddh A {"dddlogs — ddg). 

For simplicity, let us assume that : R^ —>■ R is a radial function, i.e., h = h{p) where 
P = klP + \U2\^ = (xl)2 + (x2)2 + (^3)2 ^ (^4)2_ 

Therefore 

dh = h'dp 

and 

2iddh = dld/i 

= h"dp A {al + ftJ + ')K)dp Y h'{da A Idp -I- d/3 A Jdp -I- dy A Kdp) — dh'{auji + jdioj Y ycox). 
One can verify that 

—4(99/i)^ = 32h'{h' Y h"p)vol^4, — 2{h')^{aJdp A Kdp Y jdKdp A Idp Y yidp A Jdp) A wcPi 

-I- 8 h'{h' Y h" p){{ad[i — (Ida) A *Kdp Y {jldy — yd/?) A */dp -I- (yda — ady) A * Jdp), 

where * is the Hodge star operator on R^. Also we have 

499/i A (399log s — ddg) = {h"dpA {al Y (IJ Y^K)dp — 4:h'{auji Y (Iujj Yjojk)) A (2f991ogp-|-3a;cpi). 
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Notice that we have the identity 


dp A Idp + 4p • w/ = Jdp A Kdp 

_3 

and the like. It follows that assuming p is a constant, then (19) holds if and only if h' = 0 or h' = —. 

2p 

In both cases we solve the Strominger system. 

(a) . The case h' = 0. 

The metric on Y is essentially of the form 

w = ^ + Pujj + ^UJK + ^dC A dC^ , 

which is conformal to the Euclidean metric on E = C x However this metric has rather 
complicated expression (see (18)) in standard complex coordinates on C^. Direct calculation 
shows that though its sectional curvature is not bounded from below, however it is bounded 
from above by a positive constant. Same conclusion applies to Ricci and scalar curvatures as 
well. 

_3 

(b) . The case h' = —. 

2p 

In this case ~ so the metric w is only defined on C x (R^ \ {0}) = C x (C^ \ {0}). 

On each copy of R"* \ {0}, the restricted metric is conformally flat, with non-positive sectional 
curvature. The curvature property of C x (R"^ \ {0}) is like what we have in the h' = 0 case. 


4.2 N = r*CP^ 

The hyperkahler structure on T*CP^ is known as the Eguchi-Hanson [EH78] geometry, which was also 
discovered by Calabi [Cal79] independently. This is the simplest example of ALE space which can be 
constructed by taking resolution of C^/Z 2 . Now let N be the Eguchi-Hanson space. As we have seen 
from Proposition 2.1 that if we choose the fiber removed to be special, then Y is can be identified 
with the resolved conifold. 

As we know, setting h = const gives a solution to the Strominger system which is conformal to 
the product metric. Its curvature behaviors are very similar to the corresponding A^ = R"'’ case. 

One may want to ask if there is a nonconstant h such that (17), or equivalently (19) holds. We may 
want to make a reduction as before by assuming that h depends only on R, where R : T*CP^ —>■ R is the 
norm square function of cotangent fibers with respect to the Fubini-Study metric wcpi. Unfortunately 
in such a case we do not get any extra solutions by this consideration. 


5 On Chern-Ricci Flat Balanced Metrics 

Let A be a Kahler manifold with trivial canonical bundle. People are very interested in the question 
that if M admits a (complete) Ricci-flat Kahler metric or not. For X compact, this was answered 
affirmatively by Yau’s famous solution to the Calabi conjecture [Yau77, Yau78]. However, we do not 
know enough about this problem when X is noncompact. For instance, let M be any Kahler manifold, 
then we know that the total space of the canonical bundle of M, denoted by Km, is Kahler and has 
itself trivial canonical bundle. So it makes sense to ask when does Km support a Kahler Ricci-flat 
metric. This problem was first attacked by Calabi [Cal79], where he showed that if M admits a 
Kahler-Einstein metric, then one can write down a Kahler Ricci-flat metric on Km- A relative recent 
progress in this direction was made by Futaki [Fut07], where he showed that such a metric exists if 
M is toric Fano. 
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The Calabi ansatz can be rephrased as follows. Let (M, lu) be a Kahler manifold. By choosing a set 
of holomorphic coordinates {z ^,..., z"} on M, we can trivialize Km by dz^ A • • • A dz" locally. Let t 
parameterizes the fiber of Km under this trivialization, then {z ^,..., z", t} forms a set of holomorphic 
coordinates on Km and 

n = dz^ A • • • A dz” A dt 


is a globally defined nowhere vanishing holomorphic volume form. 

In terms of coordinate {z^,..., z"}, the Kahler form w can be written as 

w = ih-jdz^ A dz*^. 

It follows that h = det{h^-^) is a positive function. Notice that the Kahler metric on M naturally 
induces an Hermitian metric on Km, which can be expressed as 

Wo = w + ^(dt — tdlogh) A (dt — tdlogh). 


w 

Let R : Km —t K. be the norm square function of fibers of Km —t M. Clearly R = —— and the metric 

h 

wq has the form 


Wo =10 + 1- 


dRAdR 


R 


In general, wq is not a Kahler metric. It turns out that wo is Kahler if and only if 


dd\ogR = -dd\ogh = 0, 


i.e., (M, w) is Kahler Ricci-flat. 

To get a better behaved metric, we can modify coq by some conformal factors. Let u, v be smooth 
functions on M, and /, g be smooth functions of R, then one can cook up a new Hermitian metric 


— e CO + l€ 


,dRAdR 

~R ■ 


It is not hard to check that H is of constant length if and only if 
(20) V = —nu and g = —nf + c 

for some constant c. Assuming this, if we further want the metric C0u,v,f,g to be Kahler, then u must 
be a constant. Without loss of generality we may assume that u = 0, and we still need 

e^df Aw — ie~^^^‘^dR A dd log i? = 0. 


In other words, 

= iddlogR = -idd\ogh = Ric{uj). 

We see immediately that this equation has a solution if and only if w is Kahler-Einstein, in which case 
we get the Calabi ansatz. 

In this section, we shall consider the case that cOu,vj,g is balanced and Chern-Ricci flat. Clearly such 
a metric satisfy the conformally balanced equation (4), which geometrically means that the manifold 
has restricted holonomy contained in SU{n) with respect to the Strominger-Bismut connection. The 
condition we are considering far more stronger, which can be interpreted as that H is parallel under 
the Strominger-Bismut connection. 

Now let us impose the balanced Chern-Ricci flat condition on 0 Ou,v,f,g- For the “Chern-Ricci flat” 
part, i.e., ^ ^ = const., we still need (20) as before. Plug this in and we can compute that 


I.+ r 




dRAdR 

R 
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Hence 


_ /)/? A r)/? 

d{ojl ^ fa) = Aw" - AdRAdd log R - A A -. 

, ,j,y 

As there is no other terms to cancel the last term in the above equation, so we need du = 0 to make 
(^u,v,f,g balanced. By choosing u = 0, the balancing codition is reduced to 

e"^5/A w" = A A a^logi?, 

or equivalently, 

g(n+i)/-cj/^n = -inco^-^ddlog h = s-w'^, 

where s is the scalar curvature function of M up to a positive constant. From the calculation we 
conclude that this is possible if and only is (M, w) has constant scalar curvature. 

Constant scalar curvature Kahler metrics (cscK) has been studied extensively as a special case 
of extremal Kahler metrics [Cal82]. It is believed that the existence of cscK metrics is equivalent to 
certain stability condition in the sense of algebraic geometry. 

Notice that in the derivation of Chern-Ricci flat balanced metric on Km, what we actually need is 
that w is balanced instead of being Kahler. In such a case, s is known as the Chern scalar curvature, 
which is in general different from the scalar curvature in Riemannian geometry. Thus we have proved 
the following generalization of Calabi’s result. 

Theorem 5.1. If M admits a balanced metric with constant Chern scalar curvature, then Km admits 
a Chern-Ricci flat balanced metric. 


Recall that on a complex n-fold A", a balanced metric w defines the so-called balanced class 


1 )!. 




d-closed (n — l,n — l)-forms 


ii99-exact {ji — I, n — I)-forms 


The balanced version of Gauduchon conjecture has been proposed for some time, see [Tosl5, Con¬ 
jecture 4.1] for instance. In particular, for balanced manifolds with trivial canonical bundle, this 
conjecture implies the existence of Chern-Ricci flat balanced metrics in any given balanced class. We 
refer to [STW15] for recent progresses on this problem. 

Theorem 5.1 implies that Chern-Ricci flat balanced metrics should be viewed as a balanced ana¬ 
logue of extremal Kahler metrics. We shall justify this claim by the following consideration. 

On a compact balanced manifold (AT, w), a very useful property is that the total Chern scalar 
curvature 


^•Tr= / 


IX 


n\ 


f X 


(n- 1)! 


depends only on the complex structure of X and the balanced class. Here p = —iddlogh is the 
Chern-Ricci form. As an analogue of Kahler csae, it is natural to consider the variational problem 
associated to the Calabi-type functional [Cal82] 


5M= / 


fx 


n\ 


where 


(jj 


n—l 


is allowed to vary in a given balanced class. Since we can modify w by idda, where 


a is any (n — 2,n — 2)-form, we expect the associated Euler-Lagrange equation is an equation of 
(n — 2, n — 2)-forms, or dually, a (2, 2)-form equation. 

Indeed, it is not hard to derive the following 
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Theorem 5.2. A balanced metric w is a critical point of S{uj) if and only if it satisfies 
(21) 2(n — l)idds A p = idd{{2As + s^)uj), 

where Ac is the complex Laplacian defined by 


Af = A(iddf) = 


dz^&z^' 


We shall call such balanced metrics extremal. 


From Equation (21), we have the following observations: 

(a) . If the background metric is non-Kahler, one can easily show that iddoj ^ 0. Hence s = const. 

is an extremal balanced metric if and only if s = 0. In particular, Chern-Ricci flat balanced 
metrics are extremal. An intuitive reason is that there is no analogue of Kahler-Einstein metrics 
with nonzero Einstein constant on non-Kahler balanced manifolds. Indeed, if there is a smooth 
function / such that 

P = /-w, 

one can deduce that p = 0. 

(b) . If there exists a (l,0)-form p such that 

(22) 2(n — I)s • p = (2As -|- s^)w + dp + dp,, 

then (21) holds. Such a condition is automatically satisfied if = 0, where H\{X) is the 

Aeppli cohomology group of X. In this case, by taking trace of (22), we get 

2(n — I)s^ = 2nAs -I- ns^ -\- A{dp + dp). 

Since the last term is of divergence form, by integration over X, we get 

(n-2) f 

Jx n\ 

As we always assume that n > 2 (otherwise oj is Kahler), we conclude that s = 0. 

(c) . Assuming s = 0, if we further assume that 0 = ci{X) € H^^{X), then p = iddf for some 

globally defined real function /. Therefore 

0 = s = Ap = Af. 

Hence by maximal principle / is a constant and p = 0. 

A very important class of non-Kahler Calabi-Yau 3-folds is of the form Xk = #k{S^ x S^) for k > 2 
[Fri91, LT9G], which can be constructed from projective Calabi-Yau 3-folds by taking conifold transi¬ 
tions. Moreover, these manifolds satisfy the i99-lemma and admit balanced metrics [FLY12]. Therefore 
conditions in (b) and (c) above are satisfied. Consequently we have 

Corollary 5.3. Extremal balanced metrics on Xk are exactly those Chern-Ricci flat balanced metrics. 
Hopefully this point of view will be useful in proving the balanced Gauduchon conjecture for A^’s. 
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